We present the result for the first moment of the scalar and axial-vector current correlator in third order of the strong coupling constant α s and give the details of a recent evaluation of the pseudo-scalar correlator. The results can be used to reduce the theoretical uncertainty due to higher order corrections for the determination of fundamental parameters of QCD in the context of lattice calculations. * sturm@bnl.gov
Introduction
The computation of heavy quark current correlators in perturbation theory is of central interest for many phenomenological applications. For instance their low energy expansion can be related to moments, which have been determined with high precision through the calculation of higher order corrections. Moments of the vector current correlator play an important role in combination with sum rules and the experimentally measured ratio R(s) = σ(e + e − → hadrons)/σ(e + e − → µ + µ − ). They can be used to perform a precise charm-and bottom-quark mass determination. This method has first been suggested in Ref. [1, 2] and has been continuously improved over the years by considering new data from experiment and by including higher order corrections [3] [4] [5] . However, also the scalar, pseudo-scalar and axial-vector current correlators can be employed in this context. For example, moments of the pseudo-scalar correlator can be used in combination with lattice calculations to determine fundamental constants of QCD, the strong coupling constant α s and the charm-quark mass with high accuracy [6] . Furthermore, the first eight three-loop moments have been used [7] [8] [9] [10] as one of several ingredients in order to reconstruct the complete momentum and mass dependence of the scalar, pseudo-scalar, vector and axial-vector polarization functions by means of Padé-approximations. The complete mass and momentum dependence is important in the computation of the Z-boson decays, in which a combination of the vector and axial-vector density enters or in the calculation of Higgs-boson decays which are related to the scalar or pseudo-scalar correlator.
Recently the low energy expansion at three-loop order has been extended and the first 30 coefficients have been determined for the vector current and for the remaining scalar, pseudo-scalar and axial-vector currents in Ref. [11, 12] , where also singlet contributions have been taken into account. In four-loop order only the first moment of the vector current correlator is fully known at present [13, 14] . For double fermionic contributions the first five moments have been computed [15] . Contributions of the order α j s n j−1 l have been calculated to all orders j in Ref. [16] , where n l denotes the number of light quarks, considered as massless. Numerical results for two moments of the pseudo-scalar correlator were presented in [6] .
Whereas the lowest moments of the vector correlator have been studied up to fourloop order already some time ago, the ones of the scalar, pseudo-scalar and axial-vector current correlators were available up to three-loop order only. The purpose of this paper is to provide the still unknown four-loop QCD corrections to the lowest moments of the scalar and axial-vector current correlators and to present the details of the evaluation for the pseudo-scalar correlator, where first numerical results were presented in [6] . Our discussion will be limited to the non-singlet contributions. These results can be useful in combination with lattice calculations to reduce the error due to unknown higher order corrections in perturbation theory in the context of the determination of the strong coupling constant and quark mass as demonstrated in [6] . They can also be seen as a first step towards the evaluation of higher moments. Furthermore analytical results of the pseudo-scalar correlator are presented.
The techniques used in this work have already been successfully applied in several other calculations, among which are the calculation of the matching relation of the strong coupling constant at a heavy quark threshold up to four-loop order in perturbative QCD [17, 18] and the computation of the four-loop QCD corrections to the ρ-parameter arising from top-and bottom-quark loops [19] [20] [21] [22] .
The outline of this paper is as follows: In Section 2 we introduce our notations and conventions. In Section 3 we discuss the methods of calculation and give the results for the first moment of the scalar and axial-vector current correlators at four-loop order. For completeness we recall the results for the pseudo-scalar and vector case. Finally in Section 4 we close with a brief summary and our conclusions. The results for the vector and pseudo-scalar correlator are listed in Appendix A, those for the moments with n = −1 and n = 0 in Appendix B.
Generalities and Notation
The polarization functions for the scalar(s), pseudo-scalar(p), axial-vector(a) and vector(v) current correlator are defined by
with the currents
The low-energy expansion of the polarization functions in z = q 2 /(2 m) 2 is conveniently written as
where the expansion coefficients C δ n are computed up to four-loop order in perturbative QCD. The expansion in the coupling constant α s /π up to four-loop order is given by
We decompose the coefficient C (i),δ n (i = 0, 1, 2, 3) for n > 0 into the non-logarithmic and logarithmic parts
with l m = log m 2 µ 2 . Furthermore we classify the diagrams with respect to the number of closed fermion loops inserted into a diagram. The symbol n l denotes the number of light quarks and the symbol n h = 1 denotes a heavy quark with mass m. This decomposition at four-loop order is given by
The bar indicates that renormalization of m, α s and the current has been performed in the MS-scheme. We have checked that for n = 1 both scalar and axial-vector polarization functions Π δ (q 2 ) obey the standard renormalization group equation(RGE). For the vector current correlator the longitudinal part Π v L (q 2 ) of the polarization function is zero due to the vector Ward-identity. The longitudinal part of the axial-vector correlator obeys the axial Ward-identity [23] [24] [25] [26] [27] 
Inserting the expansion of Eq.(3) leads to
Performing a shift in the summation index n = k + 1 on the r.h.s. of Eq. (8) and comparing the coefficients of the different orders in z k in both sides leads to
for k ≥ −1, which allows to obtain the second moment of the pseudo-scalar correlator from the calculation of the first moment of the longitudinal part of the axial-vector correlator. The contact term in Eq. (8) only contributes to the order 1/z 2 .
Calculations and Results
In a first step the program QGRAF [28] has been used to generate all necessary diagrams. Subsequently all appearing integrals have been mapped on a small set of 13 master integrals with the traditional Integration-By-Parts(IBP) method [29] in combination with Laporta's algorithm [30, 31] . This procedure has been coded with the help of the programs FORM [32] [33] [34] and FERMAT [35] . The remaining master integrals are shown in Fig. 1 in the standard basis. They have first been determined in Ref. [36] with the method of difference equation [31, 37] and subsequently in Ref. [38] , where the method of ε-finite basis has been introduced. Also other authors [19, [39] [40] [41] [42] [43] [44] have contributed in this connection with analytical or numerical results. 
where ζ n denotes the Riemann zeta-function and a n = Li n (1/2). The result for the axial-vector correlator is given by 
Numerical results for the pseudo-scalar case have first been presented in Ref. [6] . The analytical result is given in Appendix A, together with the corresponding one for the vector current correlator, taken from Ref. [13, 14] . The coefficients C δ 1 (δ = s, a, p, v) and C p 2 are listed in numerical form in Table 1 . Table 1 : Numerical values for C δ 1 (δ = s, a, p, v) and C p 2 for n l = 3 which corresponds to the case of the charmed quark.
In Appendix B we provide in addition the expansion coefficients for n = 0, −1 . Except for C a 0 they are only known numerically, however, with high precision. A completely analytical result would require the analytical determination of the constants T 54,2 , T 64,2 , T 61,2 , T 62,3 , T 72,1 , T 71,1 , T 81,1 , T 91,1 , where T n,i are the coefficients of the ε-expansion (ε = (4 − d)/2) of the master integrals T n as defined in Fig. 1 T
Summary and Conclusion
We have computed the lowest coefficients in the low-energy expansion of the scalar and axial-vector current correlators at four-loop order in perturbative QCD. All appearing loop-integrals have been reduced to known master integrals, using Laporta's algorithm. We also gave the details of the calculation as well as the analytical results for the moments of the pseudo-scalar correlator. These results allow to reduce the theoretical error originating from higher order corrections in the determination of fundamental constants of QCD, like the strong coupling constant and the charm-quark mass in the context of lattice calculations. A Moments for the pseudo-scalar and vector correlator
The analytical result for the first two moments of the pseudo-scalar correlator presented in numerical from in Ref. [6] is given by 
B Moments for n = −1, 0
The moments for n = −1 and n = 0 exhibit an overall UV divergence. The corresponding 1/ε-poles are dropped by definition in the MS-scheme. The finite parts are given by 
